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ON THE SP(n}-COHOMOLOGY OF ELEMENTARY ABELIAN 

p-GROUPS 



GEOFFREY POWELL 



Abstract. The structure of the _BP(n)-cohomology of elementary abeUan p- 
groups is studied, obtaining a presentation expressed in terms of BP-cohomology 
and mod-p singular cohomology, using the Milnor derivations. 

The arguments are based on a result on multi-Koszul complexes which is 
related to Margolis's criterion for freeness of a graded module over an exterior 
algebra. 
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en ' 1. Introduction 



Understanding the generalized group cohomology of elementary abelian p-groups 
r^ ' for a cohomology theory E*{—) is of interest both as a first example towards the 

study of generalized group cohomology of finite groups, inspired in part by the 
(-H ' results of Quillen for singular cohomology, and also since Lannes' theory |Lan92) 

implies that it yields information on the p-local homotopy type of the spaces of the 
n-spectrum representing E. 

In studying the spectra of interest in chromatic homotopy theory, it is natural 
to commence by the complex oriented theories. Here the state of knowledge is 
surprisingly incomplete once one moves outside the cases admitting descriptions 
as formal schemes (see [HKROOj l or the classical cases corresponding to singular 
cohomology or the periodic Morava iiT-theories. 

For Brown- Peterson theory, BP, Landweber showed that BP*{BV), for V 
f^ I an elementary abelian p-group, can be described in terms of the formal group 

l' ' structure (the situation for Brown-Peterson homology is much more complicated 

2 : I.IW851 rTWY94 V 

ff^ ' Wilson [Wil73l IWil75| introduced and studied the theories BP{n), for n G N, 

which interpolate between BP = BP (oo) and H¥p = BP{-1). The theories BP(n) 
provide a first step towards other theories of significant interest in chromatic homo- 
- ^ _ topy theory; moreover, they are important in understanding the _BP-cohomology 

rS ' of Eilenberg-MacLane spaces (cf. |RWY98p . 

j^ I The cases BP{0) = HZ(^p) and BP{1) are understood {BP{1) identifies with the 

" ■ ■ Adams summand of p-local connective complex iiT-theory). Hitherto, for n > 1, 

results on BP{n)*{BV) have concentrated on low degree or small rank behaviour; 
for example, Strickland |StrOO) gave an analysis of the first (in terms of the rank) 
occurrence of i^n-torsion in BP{n)*{BV), exhibiting a relationship between the 
behaviour of the algebra derived from the formal group and the action of the Milnor 
derivations on H¥*p{BV). 

This paper shows that this is the tip of the iceberg: the Milnor derivations 
explain all the I'n-torsion, without restriction on the rank of V. The key ingredient 
to establishing this is a modification of Margolis's criterion |Mar83j for a module 
over the exterior algebra A{Qo, . . . , Qn) on the Milnor derivations Qi to be free; 
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2 GEOFFREY POWELL 

this establishes a fundamental property of the structure of H¥*{BV) (see Theorem 

[L2D. 

The rest of the paper is devoted to showing how this essentially determines the 
structure of BP{n)*{BV) (see Theorem 17. 7p in terms of the formal-group deter- 
mined algebraic structure derived from BP*{BV) by base change and the mod-p 
cohomology HW*{BV), considered as a module over A{Qo, . . . , Q„). 

The argument can be generalized to the study of any M[/-module spectrum 
which is constructed from BP by forming the quotient by a cofinite subset of 
{vi\i € N}. For instance, the methods recover the author's results on connective 
complex iV'-theory |Powll| : moreover, they also apply to connective Morava K- 
theories, adding a useful perspective on existing results, such as Kuhn's study of 
the periodic theory [Kuh87 and the results of Wilson on the Hopf ring of periodic 
Morava iiT-theory [Wil84, . and Hara, on the Hopf ring of the connective theory 
[Har91j . Similarly, the methods extend to the study of integral version of connective 
Morava if-theory, generalizing the results for connective complex X-theory. For 
simplicity of exposition, these applications are not treated in the current paper; 
however, the main input is provided by Proposition 17.41 which is proved in full 
generality. 

Organization of the paper: Section [2] provides background and Section [3] 
introduces the subquotient which bounds the indeterminacy of the Thom reduction 
map in terms of the action of the Milnor primitives. Section 2] proves technical 
results which control injectivity and surjectivity of certain reduction maps. The 
fulcrum is Section [51 which shows how the ?;„-torsion can be controlled in odd 
degrees under appropriate hypotheses; Section [5] exhibits the ramifications to the 
full i3P(n)-cohomology. Finally, in Section [3 these techniques are applied to the 
case of elementary abelian p-groups, proving the Margolis-type vanishing result, 
which provides the necessary input. 

2. Preliminaries 

2.1. Torsion theories. This section fixes notation and recalls a standard result 
on the relation between torsion submodules and annihilator submodules. 

Let i? be a commutative ring and R[v] the polynomial algebra on v. For M 
an i?[ti]-module, the w-torsion submodule tors„Af is the set of u-torsion elements 
{m e M\3t v*m = 0} and Ker^jM is the kernel of multiplication by v, M -^ AI, so 
that Ker^M = Torf "' (i?, M) and Ker.„M C tors^jM. The i;-cotorsion cotors^M 
is the quotient AI/tors^M, so that there is a natural short exact sequence 

-^ torSyM -^ M -> cotorStjM — > 0. 

This is a standard example of a hereditary torsion theory. 
The proof of the following is straightforward. 

Lemma 2.1. For M an R[v]-module, the following conditions are equivalent: 

(1) Ker„M = tors^Af ; 

(2) vM n Ker„M = 0; 

(3) the projection M -^ M/vM induces a monomorphism Ker„M ^->- AI/vM . 
If these conditions are satisfied, there is a short exact sequence 

-^ KevyM -^ M/vM -^ (cotors^M)/^ -;■ 0. 

Remark 2.2. In the application, rings and modules are graded; as usual, the ap- 
propriate commutativity condition is graded commutativity (with Koszul signs). 
However, where this intervenes, the rings are concentrated in even degrees, so signs 
do not appear. 
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2.2. Background on the Wilson theories BP{n). Fix a prime p and consider 
the Brown-Peterson spectrum BP and the associated Wilson spectra BP{n) (cf. 
|BJW95[ IWH75l IStrOOl rTamOO| V equipped with the reduction maps 

BP ^ BP{n) ''^' BP{n - 1), 

which can be constructed in the category of Mf/-modules. The BP{n) can be taken 
to be commutative MU-ruig spectra so that the reduction maps are morphisms of 
ring spectra |StrOO[ Section 3]. The coefficient rings are SP* = 'L(^p)[vi\i > 0], 
BP{n)i. = BP^,/{vi\i > n), where |w„| = 2(p" — 1) and vq = p, by convention; 
thus BP{n)if = Z(p)[wi, . . . , u„] for n > 1. In particular BP{—1) — H¥p and 
BP{0) = HZi^p) are Eilenberg-MacLane spectra. 
Multiplication by u„ fits into the cofibre sequence: 

I]l""lBF(n} ^ BP{n) "h' BP{n - 1) ^ I]l""l+iBP(n), 

which defines qn. 

The following is clear: 

Lemma 2.3. For X a spectrum and n G N, g„ induces a map 



9, 



BP{n - IY{X) -^ Ker(v„)*+I^"l+^ C BP(n)*+l"'"l+^(X). 

The composite p„qn : BP{n - 1) -^ El""l+iBP(n - 1) is a derivation (cf. |StrOO[ 
Section 3]). More generally, as in loc. cit., one considers the derivation induced for 
M[/-modules by the derivation AlU/vn — > Sl^"l+^A/L//u„, which provides compat- 
ibility; the operation on H¥p coincides with the Milnor derivation Qn (up to sign), 
by [StrOOi Proposition 3.1]. (Note that \Qn\ = \vn\ + 1-) 

Compatibility of the derivations implies the following result (compare jTamOOl 
Proposition 4-4]): 

Lemma 2.4. For n e N, the following diagram commutes 

BP{n) ^^^ ElQ"+ilBF(n + 1) 



^Wn + l 

Hence, up to possible sign, the composite Qn-^-Qa '■ H¥p — > S^l'^^'i/Fp factors 
across p"ii as 

HFp ^"-^° . j:i:\Q.\BP(n) ^^^^\Q'\H¥p. 

When considering the i?P(n)-cohomology of a space, the following fundamental 
result of Wilson can be applied. 

Proposition 2.5. |Wil75[ Corollary 5.6] For X a space, the reduction map {pnf ■ 
BP\X) -^ BP{nY{X) is surjective for t < 2{^^) . 

The following statement is sufficient here: 

Corollary 2.6. For X a space such that BP°'^'^{X) =0 andneN, BP{n)°'^'^{X) 
is Vi-torsion for < i < n. 

The following result explains the ramifications of the hypothesis that B P {n)°'^'^ {X) 
is zero. 

Proposition 2.7. For X a spectrum and n G N such that BP(n)°'^'^{X) = 0, the 
following properties hold: 
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(1) torsj™"; = 0, where tors„„_^, C BP{n+l)*{X); 

(2) if BP{n + 1)°^'*(X) contains no Vn+i- divisible elements, then BP{n + 
l)°'id(X) = 0. 

Proof. Straightforward. D 

3. The image of the Thom reduction 

The iraage in cohomology of the Thorn reduction map BP -^ Hlji^^-^ is of sig- 
nificant interest in general (see jTani97] . for example); here we consider the image 
of 

p"i : BP{n) -^ H¥p 
and its relation with the action of the Milnor derivations Qi on mod-p cohomology. 

The following is well-known; a proof is included for the convenience of the reader. 

Proposition 3.1. For X a spectrum and n £ N, the reduction map p"i induces a 
map of BP{n)* -modules: {pli)* : BP{n)*{X) -^ H¥*p{X) such that 

n 

Im(Qo . . . Qn) C Image(p^i)* C f| Ker(Q,)- 

1=0 

Proof. The inclusion Im(Qo • • ■ Qn) C Iniage(p"]^)* is a consequence of the factor- 
ization of Qq . . . Qn across p"ii, given by Lemma 12.41 

For the upper bound, since p^^ = p"7^/°n-ii it suffices to show that Image(p" j^)* C 
Ker(Q„); this follows from the commutative diagram 



BP{n)*{X) — ^^ BP{n - 1)*{X) ^ BP(n)*+l'3"l(X) 




9n 

P- 



H¥;{X) j^ H¥;+^'^"\X), 

where the commutative square is provided by Lemma 12.41 D 

Notation 3.2. For X a spectrum and n E N, let J^*{X,n) denote the graded 
subquotient of iJF;(X) 

n 

Jf*{X, n) := { fl Ker(g,)}/Im(Qo • • ■ Qn). 

1=0 

Remark 3.3. Proposition l3.1l shows that Jif*{X, n) bounds the indeterminacy of the 
image of (p" i)*. In particular, if J^*(X, n) — 0, then Image(yo";^)* — Im((5o • • ■ QnY- 

Remark 3.4. If M is a graded module over the exterior algebra A((5o, ■ • • , Qn), 
then n"=o -'^^^(QO '^ -^'^ identifies with the socle soc(M) of M (considered as 
an A((5o7 • • • 7 (5n)-inodule). If M is bounded below and of finite type, it can be 
written as M = i^© M, where F is a free K{Qi\Q < i < n)-module and M contains 
no free sub-module (see |Mar83| . for example). The inclusion Im((3o---Qn) C 
nr=o K6r((5i) corresponds to the inclusion soc(i^) '-^ soc{M) and the quotient 
identifies with soc(M). 

Hence, Jf*{X,n) gives a measure of the failure of i?F*(X) to be free as an 
A((5oj • ■ • 7 Qn)-iiiodule, when AT is a connective spectrum with cohomology of finite 
type. 

By Proposition 13.11 (p"i)* maps to n"=oKer(Qi) C H¥p{X), hence induces a 
map to ^*(X,n). 
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Corollary 3.5. For X a spectrum and n e N, (pli)* : BP{n)*{X) -^ H¥*{X) 
surjects to fXi^Q^GT{Qi) if and only if the induced map BP{n)*{X) — > J^if*{X,n) 
is surjective. 

Proof. A straightforward consequence of Proposition 13. II D 

Remark 3.6. Surjectivity to nr=o Ker((5i) is a natural condition; for n = 1 it arises 
in the work of Kane |Kan82| on finite 7J-spaces via connective i^-theory. 

When X is a space further information can be obtained by exploiting multiplica- 
tive structure. 

Proposition 3.7. For X a space and n G N, 

(1) the cup product on _ffF*(X+) induces a graded commutative algebra struc- 
ture on .Jf *(X_|_, n); 

(2) the reduction map BP{n)*{X^) — > j?^*(X+,ri) is a morphism of BP{n)* - 
algebras. 

Proof. The first statement is an immediate consequence of the fact that the opera- 
tions Qi are derivations and the second is a formal consequence of the construction 
of the reduction. D 

4. INJECTIVITY and surjectivity for GENERALIZED REDUCTION MAPS 

Fix n e N; for a spectrum X, pH'^^ : BP{n + 1) — > BP{n) induces a morphism 
of BP{n + 1}* modules 

BP{n + l)*{X) ^''"-^'^* BP{n)*{X), 
which is not surjective in general. Similarly one can consider the reduction 

BP*{X) ^^4' BP{n)*{X). 

Proposition [53] gives surjectivity in low degrees, for X a suspension spectrum. 
General criteria for injectivity and surjectivity are introduced in this section. 

4.1. Surjecting to i3P(n)-cohomology. The short exact sequence 

(1) ^ BP{n + l)*(X)/«„+i ^ BP{n)*{X) -^ KerK+i)*+l«"+il ^ 

is induced by the cofibre sequence BP{n + 1) ^ BP{n) ^^ i;l'5"+il_BP(r7, -|- 1). 

Identifying Ker(w„+i) as Torf<''''''"+''(Z(p), BP(n+l)*(X)), the sequen ce © can be 
viewed as a universal coefficient short exact sequence (compare |JW73[ Proposition 
5.7], where homology is considered). 

Restricting q^+i to tors„,^ C BP{n)*{X) gives a natural map 

K„ : tors„„ -> El^"+ilKer(w„+i); 

and the inclusion tors^„ C BP{n)*{X) together with BP{n + 1)*{X) -> 
BP(n)*{X) induce 

cr„ : BP(n + l)*(X)©tors„„ -^ BP(n)*{X). 

Similarly, write o-„ : BP*{X) © tors„,^ -^ BP{n)*[X) for the map obtained by 
replacing /o"'*'^ with p„. 

Lemma 4.1. For X a spectrum, the following conditions are equivalent: 

(1) ffn ■■ BP{n + 1)*(X) ©tors„„ -^ BP{n)*{X) is surjective; 

(2) K„ : tors„^ — ?> Sl'5"+ilKer(u„+i) is surjective; 

(3) BP{n + 1)*{X) -^ cotorSy^BP{n)*{X), induced by /5"+"^, is surjective. 
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Proof. Straightforward. D 

The foUowing resuh gives a criterion for the surjectivity of (t„. 

Proposition 4.2. Let X be a spectrum such that BP{n)°^'^{X) = tors°'^'^ and 
p" 1 induces an isomorphism 

BP{n + l)°'id(X) 4 Im(Oo . . ■ Qn+iT"'' C H¥f^{X). 
Then ct„ : BP{n + 1)*(X) © tors„„ -» BP{n)*{X) is surjective. 

Proof. Since tors°'^'^ = BP{n)°^'^{X) by hypothesis, it suffices to show that cr„ 
surjects in even degree. By Lemma l4.fl it suffices to show that 

«:„:tors2f^^Ker(z;„+i)2-+l'3"+il 

is surjective, for all s G Z. The hypothesis on BP{n + f)°'^'^(X) implies that 
Kevivn+if^^ = BP{n+l)°'^^{X), which embeds as Im(go . . . Qn+if^^ in HV^'^'^iX). 

Lemma 12.41 shows that Qo • ■ • Qn+i factors across qn+i ■ ■ -Qo and, hence, across 
qn...qo : H¥p -^ T,^^^^^ BP{n), which maps to Ker(u„) C tors^,„ C BP{n)*{X) 
in cohomology, by Lemma 12.31 since k„ is induced by Qn+i, Lemma 12.41 implies 
surjectivity to Ker(w„+i) in odd degrees, as required. D 

Remark 4.3. For X a spectrum and n e N, the reduction map Pn-i fits into a 
diagram 

tors^,„C ^ BP{n)*{X) 

tors„„_,<^ s- BP{n - 1)*{X). 

It is tempting to assert that the diagram can be completed to a commutative 
square, using the structure theory of i3P, i?P-comodules [JY80' Theorem 0.1] and 
the stable comodule structure on BP*{X) provided (after suitable completion) by 
|Boa95[ Sections 11, 15]. However, the passage to the Wilson theories BP{n) is not 
transparent. 

For this reason, the hypothesis that jO"_i sends torSi,,^ to torSi,,^_j is included 
in the following result. 

Proposition 4.4. Let X he a spectrum and n e N such that 

(1) an ■■ BP*{X) ©tors^,„ -^ BP{n)*{X) is surjective; 

(2) forO<j <n 

(a) tors^^. ^^ BP{j)*{X) -^ BP{j - 1)*{X) factors across tors„^_j C 
BP{j- 1)*{X); 

(b) a J : BP{j)*{X)® tors^^._i -^ BP{j - 1)*{X) is surjective. 
Then, for <j <n, a^ : BP*{X) ®toYS^^ -^ BP{j)*{X) is surjective; 

Proof. The result is proved by a straightforward downward induction on j. D 

Remark 4.5. The result wiU be applied in the case where p* : BP*{X) — > BP{n)*{X) 
is itself surjective, hence establishing the first point of the hypotheses. 

4.2. Inject ivity and base change. The reduction map p^^^ induces a morphism 
of _BP(r7,)*-modules: 

BP{n)* ®sp(„+i). BP{n + 1)*{X) ^ BP{n)*{X) 

and, by base change, 

Fp ®BP(n+iy BP{n + 1)*{X) ^ Fp (^BPiny BP{nY{X) 
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which need not a priori be injective. Criteria for the injectivity of this and related 
niorphisms are considered in this section. 
The foUowing terminology is used: 

Definition 4.6. A i3P(ri)*-module M is trivial if it is given by restriction of a 
Fp-vector space structure along BP{n)* -» ¥p. 

The following lemma extracts the formal part of the argument employed in 
Propositions 14.81 and 14.91 below. 



Lemma 4.7. Let "^ he an abelian category and 




be a cartesian square in ^€ . Then 

(1) OL is injective if and only if "f is injective; 

(2) the square is also cocartesian if and only if the associated total complex 

A-^B^C -^ D 
is a short exact sequence. 
Suppose that the square is both cartesian and cocartesian and F : "^ ^>- ^ is a right 
exact functor. If F{a) is a mononiorphisni then 

F(a) 

F{A)—^F{B) 



F{C) 



Fh) 



F{D) 



n 



is both cartesian and cocartesian and F{'y) is injective. 
Proof. Straightforward. 

Proposition 4.8. For X a spectrum and n £ N such that 

(1) tors„^ is trivial as a BP{n)* -module; 

(2) cr„ : BP{n + 1)*(X) © tors„„ -^ BP{n)*{X) is surjective; 

the morphism induced by p^^^ ■ 

Fp ®BP(„+i>- BP{n + 1)*{X) ^ Fp ®BP(nr BP{n)*iX) 
is injective. 
Proof. The surjection cr„ induces a short exact sequence 

0^ K„^ {BP{n + l}*(X)/w„+i) ©tors^„ -» BP{n)*{X) -^ 

of i?P(n) *-modules, corresponding to a cartesian and cocartesian diagram (of monomor- 
phisms) 

Kr,'- s- tors,. 



BP{n + lY{X)lvn+i^ 



^BP{n)*{X). 



Lemma HTTl applied to the right exact functor Fp(g)Bp^„^.— implies that ¥p(E)BP{n+i)-' 
BP{n + 1)*{X) — !■ Fp (8)bp(„)« BP{n)*{X) is injective, since tors„^ is a trivial 
i3P(ri) *-module, so that '¥p®BP(n)-' [Kn ^^ tors^^^) indentifies with the monomor- 
phism Kn — > tors^,^ . D 
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The method of proof can also be apphed to consider the morphism 
BP{n)* ®BP' BP*{X) -^ BP{n)*{X) 
induced by p„ : BP -^ BP{n). 

Proposition 4.9. For X a spectrum and n e N such that 

(1) BP{n)* (g)BP' BP*{X) ^ BP{n)*{X) is tnjective; 

(2) torSi,„ = Ker(u„); 

(3) o-„ : BP*(X) ©tors^„ -» BP{n)*{X) is surjective; 

then the morphism induced by Pn-i: 

BP{n - 1)* ®BP* BP*{X) -^ BP{n - 1)*{X) 

is injective. 

Proof. The hypotheses provides a short exact sequence 

^ L„ ^ {BP{n)* ®BP' BP*{X)) © tors„„ -^ BP{n)*{X) -^ 

such that the components i„ — ?• tors^,^ and i„ — > BP{n)* ®bp* BP*{X) are 
injective. As in the proof of Proposition I4.8[ applying BP{n — 1)* ®BP{n)' ~ 
(which identifies with Z(p) ®z [^^-^ —) yields the horizontal short exact sequence 
below: 

Ln s- {BP(n - 1)* ®BP' BP*{X)) ® tors^,,, ^ BP{n - 1)* ®sp(n>- BP(n)*{X) 



BP{n~l)*{X), 

where the vertical inclusion corresponds to {BP{n)*{X))/vn '^ BP{n — 1)*{X), 
induced by p"_i- The injectivity of the left hand horizontal morphism follows from 
the fact that multiplication by Vn acts trivially on tors„^, so that Z(p) (E>z, Jt>„] 
(L„ ^->- tors^^ ) identifies with the inclusion L„ ^^ tors„^ . 
It follows that the morphism 

BP{n - 1)* ®BP' BP*{X) -^ BP{n - 1)* <S)BP{n)' BP{n)*{X) 

is injective. Composing with the vertical monomorphism completes the proof. D 

5. Controlling the w„-torsion in odd degrees 

5.1. The bounded torsion case. The following result shows how the w„-torsion 
can be understood in odd degrees under suitable hypotheses. This will be applied 
in Section [5] to deduce the main general result of the paper, Theorem 16. II 

Proposition 5.1. Let X he a spectrum and n £ N 6e such that H1j?^^{X) = 
BP{0)°'^'^{X) ^ HWf'^iX) and there exists N eN such that, for < j < n: 

(1) vfBP{j)°''^iX) = 0; 

(2) image(pii)°'id = Im(go . . . Qj)°'^'^ C H¥f<^{X); 
then, for < j < n, p'^^ induces an isomorphism: 

BP{jY^\X)=lni{Qa...Q,r^''. 
In particular, BP{j)°'^'^{X) is a trivial BP{n)* -module. 

Proof. The result is proved by upward induction upon j, starting with j = 0, which 
forms part of the hypothesis. For the inductive step, suppose the result established 
for smaller values of j. We require to prove that the reduction BP{j)*{X) -> 
H¥*{X) is injective in odd degrees. 
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By the inductive hypothesis, the kernel of {pLiY : BP{j)°'^'^{X)^H¥°'^'^{X) 
coincides with the kernel of {p^_i)* : BP{j)°<^'^{X)^BP{j - 1)°<^'^{X), which is 
the image of multiplication by Vj (restricted to odd degrees) . Hence, if a; = xo (of 
odd degree) is in the kernel of (p^^)*, there is an odd degree element x'l such that 
Vjx'i = Xq. Now iff'^i)* {x'l) = Qo . . . QjiJi for some yi € H¥p{X), by the hypothesis 
on the image of (p'Li)"'^'^- Thus, consider the element xi := x[ — (±)(gj . . .qo)yi, 
where the sign is taken so that {p-'_i)* {±{qj . . . qo)yi) = Qo . . . QjHi (using Lemma 
12. 4p : by construction (p^j^)*(a;i) — and VjXi — Vjx[ = xq. 

Suppose Xq ^ 0, then xi ^ and the argument can be repeated to form a 
sequence of non-trivial elements Xg G BP{j)°'^'^{X) such that v^Xg = xq 7^ 0, s G N. 
This contradicts the hypothesis that the BP{j)°'^'^{X) is bounded iij-torsion; hence 
(•^j_^)odd jg injective. D 

Remark 5.2. 

(1) The hypothesis on the image of (/O'Li)"'^'^ is implied, for example, by the 
condition ^(X,j)°'id == 0. 

(2) liH¥*p{X) is Qo-acyclic, then BP{0)*{X) = HZ*^p^{X) embeds in i?F;(X); 
in particular, the required embedding hypothesis holds in odd degrees. 

5.2. The Noetherian case. When X is a space, the bounded torsion hypothesis 
required in Proposition 15.11 can sometimes be provided by exploiting the algebra 
structure of BP{n)*{X^), in particular in the presence of a finiteness hypothesis. 

Proposition 5.3. Let X be a space andn e N such that BP°'^'^{X) = 0, BP{n)*{X+) 
is a Noetherian algebra and BP{n)°'^'^{X) = 0. 

Then, for all j < n, BP{j)°'^'^{X) is a Noetherian BP{n)*{X+) -module and 
there exists A^ G N such that 

v^BP{j)°'^^{X)=0. 

for all < i < j . 

Proof The fact that BP{j)°'^'^{X) is a Noetherian BP{n)* {X+)-modu\e is proved 
by a standard downward induction upon j. Corollarv l2.6l implies that, for < i < j, 
BP{j)°'^'^{X) is Wi-torsion. Since, for each j, BP{j)°'^'^{X) is finitely-generated over 
BP{n)*{X^), there is a uniform bound on the torsion. D 

6. Criteria for trivial torsion 

The following is the main general result of the paper. The hypotheses are ex- 
tremely restrictive and the only applications currently known are related to Theo- 
rem [Lll 



Theorem 6.1. Let X be a space and n G N for which the following hypotheses are 
satisfied: 

(1) BP°'^'^{X) = BP{n)°'^'^{X) = 0; 

(2) BP{n)*{X+) is Noetherian; 

(3) BP{Q)*{X) ^^ H¥*{X) is a monomorphism with image lni{Qo); 

(4) Jf (X, j)°'i^ = forO<j <n. 

Then, for < j < n, tors„. is a trivial B P {n)* -module which identifies as: 

tors,^. ^ lm{qj ... go) C BP{j)*{X) 
^ Im{Qo...Q,)cH¥;{X); 

in particular BP{j)°'^'^{X) = Im(Qo • • • QjT'^'^- 
Moreover: 
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(1) the reduction map pi^i induces a monomorphism tors„^. ^-)- tors„^._j , which 
corresponds to the natural inclusion lm{Qo . . . Qj) ^^ lm{Qo ■ ■ ■ Qj-i); 

(2) aj : BP{j + 1)*{X) © tors„^. -^ BP{j)*{X) is surjective; 

(3) the reduction map p'_i induces a monomorphism 

Fp ®BPU)' BPUnX) ^ H¥;iX). 

If, furthermore, BP{j)*{X) -^ Jif*{X,j) is surjective for < j < n, then the 
reduction map p'_i induces an isomorphism 

i 
¥p (i^BPij)' BP{jY{X) = fl Ker(Q,) C H¥;iX). 

4=0 

Proof. Under the given hypotheses, by Remark 15.21 Propositions 15.11 and 15.31 to- 
gether apply to determine BP{j)°'^'^{X) for < j < n. 

Consider Ker('yj) in degree 2i + \vj\, for j > 1; this fits into a commutative 
diagram: 



BP{j)^i-\X)<^ ^ BP{j - l)2*-i(X) ^ Ker(wj)2*+I^:'l 




where the top row is the short exact sequence ^ and the commutative square is pro- 
vided by Lemma [^m Here, by the odd degree case, the morphism BP{j)'^*^^{X) -^ 
BP{j — 1)^*^^(X) identifies as the monomorphism 

Ini(Qo • • • Q,)'*~' ^ Im(Qo • • • Qj-i)'*"'- 
The morphism a indicated by the dotted arrow factors as 

t-i ^'^^ 



hence has kernel (Ker((5j)nlm((5o • • ■ Qj-i)) , which contains Im(Qo • • • QjY 



v2t-l 



The quotient (Ker(Qj)nlm(Qo • . . Qj-i)/{Im(Qo • ■■Qj)}) embeds in ^(X,j)2t-i 
hence is trivial, by hypothesis. Thus the kernel of a coincides with the image of 
i?P(j)^*~^(X) in BP{j — l)^*^^{X). It follows that the vertical morphism ly induces 
an isomorphism: 

Ker(z;j-)2*+l"^l 4 Im(Qo • . • gj)^*+l"^l C iJF2*+l"^l(X). 

In particular, the composite Ker(wj)2*+I"jl c BP(j)2*+^'jl(X) -^ H¥p^^'''^{X) is a 
monomorphism. Hence, by Lemma |2. 11 in even degrees 

Ker(wj)2* = tors2* ^ Im(Qo • • • Qj)'*- 

This completes the proof of the main statement. 

If i > 0, since tors^,^. maps injectively to H¥*{X) by p^j^, which factorizes as 
P''Si Po_i, it is clear that tors^^. ^^ tors„^_j is injective and is as stated. Moreover, 
the morphism kj : tors*. — ?> Ker(wj+i)*+l'3j+il is the surjection 

Im(Qo ■■■Qj)* -^ ImiQo . . . Q,+i)*+l'3^+il 

induced by iQ^+i. Thus, by Lemma |4. 11 the morphism aj is surjective. 

This allows Proposition 14.81 to be applied for < j < n to deduce, by increasing 
induction on j , that the reduction morphism pr'_ ^ induces a monomorphism 

Pp ®BPuy BP{j)*{X) ^ H¥;{X). 
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Finally, under the additional hypothesis of surjectivity to jyf*{X,j), the image 
is identified by Corollary 13.51 D 

Corollary 6.2. Under the hypotheses of Theorem \6.1[ if, in addition, the reduction 
morphism 

pl:BP*{X)^BP{nY{X) 
is surjective, then, for each < j < n, the morphisms pj : BP — >■ BP{j) and 
Qj . . .Qq : H¥p — )■ S^ ^^^^BP{i) induce a surjection 

BP* (X) ® H¥*p-^\^'\ {X) ^BP{j)*{X). 

Proof. The result follows by combining the conclusions of Theorem 16.11 with Propo- 
sition SH D 

This Corollary can be strengthened under an additional hypothesis. The state- 
ment of the following result uses the conclusions of Proposition 14.41 Theorem 16.11 
and the notation introduced in Proposition 14.91 

Proposition 6.3. Under the hypotheses of Theorem \6.1\ if. in addition, the reduc- 
tion morphism p„ induces an isomorphism 

BP(n)* ®BP' BP*{X) 4 BP{n)*{X) 

then, for Q < j <n, the morphism pj induces a monomorphism 

BP{]Y ®BP' BP*{X) ^ BP{j)*{X) 

and, if Lj denotes the kernel of the surjection 

{BP{j)* ®Bp. BP* {X))®tors,^ -» BP{j)*{X), 

then Ln — tors„^^ and, for n > j > 0, the inclusion tors^,. ^-> tors„._j induces a 
short exact sequence 

O^Lj^ Lj_i ^ (Ker(Qj) n Im(Qo • • • Qj-i))/Im(Qo • • ■ Qj) ^ 0. 

Proof The injectivity oi BP{j)* ®bp- BP*{X) ^ BP{j)*{X) follows by applying 
Proposition 14.91 using the conclusions of Theorem 16. II The proof of the remaining 
statements extends the methods of the proof of Proposition l4.9[ using the fact that 
the reduction p]_i induces a monomorphism lj : tors„^ M> tors^^.^. 

Since BP{j)* ®bp' BP*{X) is concentrated in even degrees and tors°'^'^ coin- 
cides with BP{j)°^'^{X), Lj is concentrated in even degrees. Moreover, since Lj 
injects to tors^., Lj is a trivial i3P(j)*-module. 

It is straightforward to show that L„ = torSi,^ . Then, for n > j > 0, the diagram 
introduced in the proof of Proposition 14.91 extends to a commutative diagram in 
which the rows and columns are short exact sequences: 

Lj ^ {BP{j - I)* ®BP' BP*{X)) © tors„^. ^ BP{j - l)* ®BP(,y BP{j)*{X) 

letj 

^j-i ^ {BP{3 - I)* ®BP' BP*{X)) ®tovs,^_, ^BP{j - 1)*{X) 



Lj/Lj^i s-tors^„^._i/tors„^ s- Kcr(wj)*+I'5jl. 

Here the right hand column is the universal coefficient short exact sequence. This 
diagram provides the natural inclusion of Lj to ij-i- (As remarked above, the case 
of interest is where the degree of the middle column is even; the odd degree case 
has already been used in the proof of Theorem 16.10 
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Theorem lG . 1 l identifies the quotient tors^, ._j /tors^ . as Im((3o • • • '5j-i)/Im(Qo ■ ■ Q 
and Ker(t)j)*"'"l'^^l as Ini((5o • ■ • Qj), in appropriately shifted degree; the surjection is 
induced by the Milnor derivation Qj. The identification of the subquotient Lj^i/Lj 
fohows. D 

7. The case of elementary abelian ^-groups 

7.f . Generalized Margolis vanishing. The structure oi H¥*{BV+) is well known 
as an unstable algebra over the Steenrod algebra; by the Kiinneth theorem, it suf- 
fices to describe the rank one case. For p odd, H¥*{BZ/p+) = A{u) ® Fp[u], with 
|u| = 1 and \v\ = 2 with Bockstein l3u ^ v and H¥^{BZ/2+) = F2M, where 
|u| = 1. The action of the Milnor primitives is determined as follows: for p odd Qi 
acts trivially on v and QiU = v^ ; for p = 2, QiU = v? |Mil58) . 

For p odd and V an elementary abelian p-group of finite rank, the above gives 
the isomorphism 

H¥l{BV+) ^ A*{V^) ® S*{V'>), 

where V'^ denotes the linear dual. A* the exterior algebra functor and S* the sym- 
metric algebra. This provides a bigrading which is related to the standard grading 
by H¥^{BV+) ^ ® a+b=27i ^^ i^'^) ® S''{V'>). The Milnor primitives respect the 
decomposition, in the sense that 

(2) Q, : A'^(T/«) ® S\V^) -^ A'^-i(F«) ® S''+p\V^). 

This is a Koszul-complex type differential. 

Remark 7.1. Similar statements are obtained for p = 2 by filtering, based on the 
isomorphism of F2[u^]-modules: ¥2[u] = A{u) ® F2[u^]. 

The usual map BZ/p -^ CP°° induces a morphism of unstable algebras H¥*{CP°^) 
¥p[x] ^^ H¥*{B'Z/p^), with \x\ ~ 2, determined by x !-)► w (respectively x 1-^ u^ 
iOT p = 2). 

Theorem 7.2. Let V be an elementary abelian p-group of rank d and n eN. Then 
the map BX/p — > <CP°^ induces a surjection 

H¥*X{(CP°^Y^) -» M'*{BV+,n). 

In particular J^^*{BV-^,n) ~ and the Thom reduction BP — )■ H¥p induces a 
surjection 

BP*{BV+) -» Jf*{BV+,n). 

Proof. The case p odd is treated below; the argument adapts to the case p = 2 by 
filtering using the number of terms of odd degree in monomials (cf. Remark 17. ip . 

Since H¥*{CP^) is concentrated in even degrees, the Milnor operations act 
trivially, hence the Thom reduction maps to Cl^^Q^^GT^iQi) and the morphism to 
J^*{BV+,n) is defined. The first statement is a refinement of Margolis' criterion 
for the freeness of modules over exterior algebras |Mar83l Theorem 8(a), Section 
18.3], exploiting the filtration induced by the number of exterior generators. 

A straightforward reduction (using the behaviour ^ of the Milnor operations 
with respect to the bigrading) implies that it is sufficient to show that an element 
X e A°(W^) S''{W) which lies in (^"=0 Ker((5j) is in the image of 

(Qo • • • Qn) ■■ A'^+"+i(W^) (g> S'"^ l^'l(l¥) ^ A'^(VK) ® S''{W), 

where W is written for V'^ , for notational simplicity. This is a case of Proposition 
01 below. 
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The Thorn reduction BP*((CP°°)''+) -^ H¥*{{CP°°)''_^) is surjective; more- 
over, Landweber showed that BP*((CP°°)''+) -^ BP*{BV+) is surjective (this is 
included in |StrOO[ Proposition 2.3]). The final statement follows. D 

The following is a functorial restatement of the acyclicity of the Koszul complex 
and is valid for all primes (with the appropriate interpretation of the operation Qi 
atp = 2). 

Lemma 7.3. For i,a,n e N, the Koszul complex yields an acyclic complex: 

. . . ^ A" ® S^'-^P^ ^ A"-i 5"^-(«-i)p' 9^ ,_,^ s"" ^Sf->0, 

where Sf is the truncated symmetric power, imposing the relation w^ =0. 

The following result can be deduced from |Mar83[ Theorem 8(a), Section 18.3]; a 
direct proof is given here, since this indicates the very general nature of the result. 

Proposition 7.4. Let W he an elementary ahelian p- group of finite rank, 7^ ^ C 
N 6e a non-empty, finite indexing set and < a G N. If x E A°'(W) ® S^{W) is an 
element such that QiX = 0, Vi G J^ , then there exists an element y G A"+l '(VF) 

Sb-i:,e.^\Q'\{V) such that 

a; = (H Q^^y- 

Proof. The proof is by induction on \.y\, with an internal induction on |a;[, where 
the degree of an element of A°-{W) S''{W) is a + 2b. For | J^| = 1, the result holds 
by Lemma l7.3l the initial step of the |x| induction is a straightforward consequence 
of connectivity, since the degree of elements is non-negative. 

For the inductive step of the degree induction, consider x G A°- (W) ® S'' {W) and 
J^ = {zi < Z2 < ■ • ■ < it} as in the statement, supposing that the result holds for 
all indexing sets ^ with \^\ < \J'\ = t and for such elements of degree < |a;|. 

To prove the result, it is sufficient to construct elements ak G A°''^*~^{V) (8) 
gb-JZiej^Mii) \Qi\(y), for i > fc > 1 which satisfy the following properties 

(3) ( n Q')"fc = ^ 

ieJ'\{ii} 

(4) ( n Q^>k = 0. 

l<s<k 

Indeed, the element ai then satisfies Qt^ai = 0, so that acyclicity of the complex 
of Lemma 17.31 implies the existence of y such that Qi^y = ai. By condition Q for 
ai, this satisfies x — (Yiiej^ Qi)y^ ^^ required. 

The construction of the ak is by descending induction on fc; by induction upon 
\J^\, there exists an element at such that x = (riiej^viii} Qi)'^t- Since Qi^^x = 0, by 
hypothesis, the second condition required of at also holds, so this forms the initial 
step of the descending induction. 

For the inductive step {t > k > I), consider ak and form the element /3k '■= 
(ni<s<fc Qi3)(^k, which is the obstruction to ak being taken for afc_i. In the case 
k=l |x|-|A| = |Q,J-|Q,J>0. 

Condition (|4]) for ak implies that Qi^(3k — 0, for 1 < s < k. Hence, the global 
inductive hypothesis in the proof of the theorem yields an element 7^ such that 
(ni<s<fc QiJlfe = /3fc (for k = t, this is induction on the degree, using the fact that 
\Pt\ < \x\, and, for k < t, induction on \J^\). 

Taking ak-i := ak — Qi^^k, the required conditions are satisfied, completing the 
inductive step. D 
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7.2. The structure of the i?P(n)-cohomology of elementary abeUan p- 
groups. The description of BP{n)*{BV) is obtained by applying Theorem 16.11 
The required property of the torsion of B P {n)°'^'^ {BV) is provided by the follow- 
ing: 

Proposition 7.5. [StrOO. Proposition 2.3] For V an elementary abelian p-group of 
rank d < n + 1, BP{n)*{BV+) is a Noetherian algebra concentrated in even degrees, 
which has no p-torsion if d < n + 1. 

Notation 7.6. In the following statement, write ^H¥*{BV) C H¥*{BV) for the 
augmentation ideal of the polynomial subalgebra if p is odd and for the double 
<^H¥^{BV) Up = 2. Thus, ^H¥*{BV) coincides with the image of pl^. (Here, as 
usual, cohomology is taken to be reduced.) 

In the following, E{n)* = BP{n)*[—]] the results are stated so as to stress the 

entirely algebraic nature of the conclusions, since the morphism BP*{{CP°°)\ ) -^ 
BP*(BV+) induces an isomorphism: 

BP*{BV+) = BP*[[xi, ..., Xd]]/{[p]{x,)), 

where [p] (x) is the p-series of the universal p- typical formal group law. 

Theorem 7.7. For V an elementary abelian p-group of finite rank and j G N, the 
following statements hold: 

(1) tors„. is a trivial B P {j)* -module which identifies as: 

tors,^ = Im(9j...qo)cBPOr(BF) 
^ lui[Qa...Qj)<zH¥l[BV) 

and, in particular, BP{j)°'^'^{BV) ^ Im(Qo • ■ ■ QjT'^'^- 



(2) The reduction map p'Li induces an isomorph 



ism 



3 



Fp ®BP{,)' BP{jy{BV) = fl Ker(g,) C H¥;{BV). 

(3) The reduction map pj induces a monomorphism 

BP{j)* (E)BP' BP*{BV) ^ BP{j)*{BV) 

which is an isomorphism modulo Vj -torsion and, is an isomorphism for 
j > rank(l/); m particular, BP{j)*{BV)[^] ^ E(j)* (E)bp* BP*{BV). 

(4) The reduction map pj and localization induces a monomorphism 

BP{j)*{BV) ^ H¥;{BV) ® {E{j)* ®bp- BP*{BV)). 

(5) The morphism dj induces a short exact sequence 

O^Lj^ {BP{j)* (g)BP* BP*{BV)) ® tors^^. ^ BP{j)*{BV) -^ 

where Lj is isomorphic to ^H¥*p{BV) D Im{QQ . . . Q^) C H¥'^{BV). 

Proof. The first two statements follow from Theorem 16.11 using Theorem 17.21 and 
Proposition 17.51 to show that the hypotheses are satisfied. Statements ^ and ^ 
follow from Theorem 17.71 and Proposition 16. 31 

Finally, the identification of Lj follows by analysing the information furnished 
in Proposition l6.3[ using the fact that the image of Lj in tors^,, ^ Im(Qo ■ ■ -Qj) C 
H¥*p{BV) also lies in * := ^H¥*p{BV). 

Namely, the proof is by downward induction on j, starting from j > rank(V^), 
for which the result is clear. Theorem 17.21 implies that SP ^^ H¥*{BV) induces 
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a surjection >& -» J/f*{BV,j), with kernel '4' n Iui{Qo . . .Qj). The mductive step 
follows from the observation that the square below is cartesian: 



*nim(go...Q,-i)^ 



* 



^i-1 



/L, 



(Ker(Q,) n Im(Qo ■ • ■ Qj-i))/lm{Qo . 



■J^*iBV,j) 



where the isomorphism is given by Proposition 



D 



Remark 7.8. The method of proof applies (with obvious modifications) to any 
spectrum constructed from BP by forming the quotient by a cofinite subset of 
{v,\i > 0}. 

Theorem 17.71 provides an understanding of the failure of surjectivity of the re- 
duction map pj for the cohomology of BV (compare Proposition [23]): 

Corollary 7.9. ForV an elementary abelian p- group of finite rank and j G N, the 

(pj,qj...qa) 



morphism BP U E^ I'^'li/Fp ■ 



BP{j) induces a surjection 



BP*{BV) ® H¥*p-^\'^^\{BV) -^ BP{j)*{BV). 



Proof. The result follows from Corollarv l6.21 using [StrOOi Proposition 2.3] to treat 
the cases n ;» 0. D 
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